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MSSC 6010/Comp. Probability

Instructor: Mehdi Maadooliat

Department of Mathematics, Statistics and Computer Science

Special thanks to Prof. Ana Militino for providing the original slides of the book.

Chapter 6
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SAMPLING A SINGLE POPULATION

• Sampling Techniques
– Simple Random Sample (SRS): every member of the population has an 

equal chance of being selected.

• Simple Random Sample

Population

Sample

5

http://www.mssc.mu.edu/~mehdi/applets/randomsample.html
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SAMPLING A SINGLE POPULATION

• Sampling Techniques

– Stratified Random Sample: Divide the sample into several strata.  Then take 

a SRS from each stratum.

• Advantage: Each stratum is guaranteed to be randomly sampled

• Example: Obtain a list of all SSN for individuals in the U.S. who are over 65.  

Divide up the SSNs into region of the country (time zones).  Then randomly 

sample 30 from each time zone.

Population

Sample

Strata 1

Strata 2

Strata 3

9
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SAMPLING A SINGLE POPULATION

• Sampling Techniques

– Cluster Sample: Divide the sample into several strata or clusters.  Then take a SRS of 

clusters.

Population

Strata 1

Strata 2

Strata 3

Strata 4

Strata 5

Strata 6

Strata 7

Strata 8

Strata 9

Strata 1

Strata 4

Strata 9

Sample
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Sample

INFERENCE OVERVIEW

• We use sample statistics to make inference about population 

parameters

x

Population

Mean:

Standard Deviation:

Proportion:

m

s

p

s

ො𝜋
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FINITE POPULATIONS PARAMETERS
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EXAMPLE – ROLLING A PAIR OF DICE 

25

𝒙 𝑃 𝒙

1 ൗ1 36

1.5 ൗ2 36

2 ൗ3 36

2.5 ൗ4 36

3 ൗ5 36

3.5 ൗ6 36

4 ൗ5 36

4.5 ൗ4 36

5 ൗ3 36

5.5 ൗ2 36

6 ൗ1 36

𝒙 𝑃 𝒙

1 ൗ1 36

1.5 ൗ2 36

2 ൗ3 36

2.5 ൗ4 36

3 ൗ5 36

3.5 ൗ6 36

4 ൗ5 36

4.5 ൗ4 36

5 ൗ3 36

5.5 ൗ2 36

𝒙 𝑃 𝒙

1 ൗ1 36

1.5 ൗ2 36

2 ൗ3 36

2.5 ൗ4 36

3 ൗ5 36

3.5 ൗ6 36

4 ൗ5 36

4.5 ൗ4 36

5 ൗ3 36

𝒙 𝑃 𝒙

1 ൗ1 36

1.5 ൗ2 36

2 ൗ3 36

2.5 ൗ4 36

3 ൗ5 36

3.5 ൗ6 36

4 ൗ5 36

4.5 ൗ4 36

𝒙 𝑃 𝒙

1 ൗ1 36

1.5 ൗ2 36

2 ൗ3 36

2.5 ൗ4 36

3 ൗ5 36

3.5 ൗ6 36

4 ൗ5 36

𝒙 𝑃 𝒙

1 ൗ1 36

1.5 ൗ2 36

2 ൗ3 36

2.5 ൗ4 36

3 ൗ5 36

3.5 ൗ6 36

𝒙 𝑃 𝒙

1 ൗ1 36

1.5 ൗ2 36

2 ൗ3 36

2.5 ൗ4 36

3 ൗ5 36

𝒙 𝑃 𝒙

1 ൗ1 36

1.5 ൗ2 36

2 ൗ3 36

2.5 ൗ4 36

𝒙 𝑃 𝒙

1 ൗ1 36

1.5 ൗ2 36

2 ൗ3 36

𝒙 𝑃 𝒙

1 ൗ1 36

1.5 ൗ2 36

𝒙 𝑃 𝒙

1 ൗ1 36

𝒙 𝑃 𝒙

• How about three dice?

• distribution of ҧ𝑥 =
𝑥1+𝑥2+𝑥3

3

• How about four dice?

• distribution of ҧ𝑥 =
𝑥1+𝑥2+𝑥3+𝑥4

4

• Roll a die. Let 𝑥 = the number we see. The distribution of 𝑥:

• Roll two dice, say 𝑥1, 𝑥2
– What is the distribution of ҧ𝑥 =

𝑥1+𝑥2

2
?

• The distribution of  ҧ𝑥 is:
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EXAMPLE 2 – CREATING A SAMPLING 

DISTRIBUTION OF SAMPLE MEANS

• Let’s consider a population that consists of five equally likely 

integers: 1, 2, 3, 4, and 5.

• Randomly choose 30 samples

of size 5 from this population.

The Population: Theoretical Probability Distribution

Frequency Distribution of Sample 
Means

26

EXAMPLE 2 – CREATING A SAMPLING 

DISTRIBUTION OF SAMPLE MEANS

• Looks like, under certain assumptions, the Sampling 

distribution of the sample mean approaches the normal 

distribution. (Sampling distribution applet)
27

http://www.mssc.mu.edu/~mehdi/applets/sample_dist/index.html
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Sampling applet

Sketch of Proof Series expansion of “ln(1 + 𝑥)”
that is needed for the proof

http://www.mssc.mu.edu/~mehdi/applets/sample_dist/index.html
https://www.dropbox.com/s/1gd7ar40c77yttj/CLT-proof.pdf?dl=0
http://math.stackexchange.com/questions/878374/taylor-series-of-ln1x
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EXAMPLE: VACCINE FOR HIV

• On the average, HIV patients survive for 5 years after 

being diagnosed. A new vaccine is developed to fight 

the virus. In a clinical trial, 50 HIV patients were given 

this vaccine, and the average survival years for this 

sample was more than 5.6 years. Compute the 

probability that the sample average is more than 5.6
years assuming the population mean of 5 years and 

the population standard deviation of 0.6.

• ത𝑌 ≈ 𝑁 5, Τ0.6 50 = 0.085

• 𝑃 ത𝑌 > 5.6 = 1 − 𝑝𝑛𝑜𝑟𝑚 5.6,5.0,0.085

• 𝑃 ത𝑌 > 5.6 = 8.3955 ∗ 10−13

• What does this imply?

34

35
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R CODE:

 set.seed(17)

 m <- 1000

 nx <- 100; ny <- 81

 mux <- 100; sigx <- 10

 muy <- 50; sigy <- 9

 muxy <- mux - muy

 sigxy <- sqrt((sigx^2/nx) + (sigy^2/ny))

 meansX <- array(0, m) # Array of m zeros

 meansY <- array(0, m) # Array of m zeros

 for(i in 1:m) {meansX[i] <- mean(rnorm(nx, mux, sigx))}

 for(i in 1:m) {meansY[i] <- mean(rnorm(ny, muy, sigy))}

 XY <- meansX - meansY

 ll <- muxy - 3.4 * sigxy

 ul <- muxy + 3.4 * sigxy

 hist(XY, prob = T, xlab = "xbar-ybar", nclass = "scott", 

col="cyan", xlim = c(ll, ul), ylim = c(0, 0.3))

 lines(seq(ll, ul, 0.05),dnorm(seq(ll,ul,0.05),muxy,sigxy), 

col=1, lwd=2)

38

R CODE (CON’T) :

 print(round(c(mean(XY), sqrt(var(XY))), 2))

[1] 50.02 1.42

 sum(XY < 52)/1000

[1] 0.92

 round(pnorm(52, 50, sqrt(2)), 2)

[1] 0.92

39



9/30/2019

21

40

41

Normal Approximation to Binomial Applet

http://www.mssc.mu.edu/~mehdi/applets/clt-binomial.html
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R CODE:

 1 - pnorm(0.11,0.10,sqrt(0.1*0.9/500))

[1] 0.2280283

 1 - pnorm(55,500*0.1,sqrt(500*0.1*0.9))

[1] 0.2280283

 1 - pbinom(54,500,0.10)

[1] 0.2476933

 pnorm(0.12,0.10,sqrt(0.1*0.9/500))

[1] 0.9319814

 pnorm(60,500*.10,sqrt(500*0.1*0.9))

[1] 0.9319814

 pbinom(60,500,0.1)

[1] 0.9381745

47
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Normal Approximation to Binomial Applet

49

http://www.mssc.mu.edu/~mehdi/applets/clt-binomial.html
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• Note that

• 𝑆𝑢
2 =

1

𝑛
σ𝑖=1
𝑛 𝑋𝑖 − ത𝑋 2 and       𝑆2 =

1

𝑛−1
σ𝑖=1
𝑛 𝑋𝑖 − ത𝑋 2

• Therefore:

𝐸 𝑆2 =
1

𝑛 − 1
෍

𝑖=1

𝑛

𝐸 𝑋𝑖 − ത𝑋 2 =
𝑛

𝑛 − 1
𝐸 𝑆𝑢

2

51



9/30/2019

27

52

• Remember that:       𝑆𝑢
2 =

1

𝑛
σ𝑖=1
𝑛 𝑋𝑖 − ത𝑋 2

53
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• Sampling applet

• 𝜒2 𝑛 is a special case of Gamma distribution: Gamma 𝑛

2
, 2

• Gamma Distribution

• Chi-squared distribution

55

http://www.mssc.mu.edu/~mehdi/applets/sample_dist/index.html
https://en.wikipedia.org/wiki/Gamma_distribution
https://en.wikipedia.org/wiki/Chi-squared_distribution
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Γ 𝑛
2
= න

0

∞

𝑥𝑛/2−1𝑒−𝑥𝑑𝑥

57
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• Recall Leibniz integral rule:

62

• Taking the derivative of 𝐹𝑌 𝑦 yields

which is the 𝑝𝑑𝑓 for 𝜒1
2

63
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CHANGE OF VARIABLE

NOT ONE-TO-ONE

83

𝑓𝑌 𝑦 =
1

2𝜋
𝑒−

𝑦 2

2 ×
1

2 𝑦
+

1

2𝜋
𝑒−

− 𝑦 2

2 ×
1

2 𝑦

=
1

2
×

1

𝜋
×

1

𝑦
× 𝑒−

𝑦
2 =

1

2Γ 1/2
𝑦 1/2 −1𝑒−

𝑦
2 , 𝑦 > 0.∎
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• Proof:

𝑀𝑌 𝑡 = 𝐸 𝑒𝑡𝑌 =ෑ

𝑖=1

𝑟

𝐸 𝑒𝑡𝑋𝑖 =ෑ

𝑖=1

𝑟

𝑀𝑋𝑖 𝑡

= ς𝑖=1
𝑟 1 − 2𝑡 −

𝑛𝑖
2 = 1 − 2𝑡 −

1

2
σ𝑖=1
𝑟 𝑛𝑖

84
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𝑛 𝑆𝑢
2

𝜎2
=

𝑛 − 1 𝑆2

𝜎2
=෍

𝑖=1

𝑛
𝑋𝑖 − 𝑋

2

𝜎2
~𝜒𝑛−1

2

Interested reader should learn Basu’s or Chochron’s Theorems 

for more details.

90

91

https://en.wikipedia.org/wiki/Basu's_theorem
https://en.wikipedia.org/wiki/Cochran's_theorem
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Compare this with what we obtained on slide 54
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R CODE:

 set.seed(302)

 par(mfrow=c(2,2), pty="s")

 m <- 1000; n <- 15; 

 varNC14 <- array(0,m) # Array with m zeros

 for (i in 1:m) {varNC14[i] <- var(rnorm(n))}

 NC14 <- (n-1)*varNC14/1

 hist(NC14,prob=TRUE,ylim=c(0,0.09),xlab="NC14",col=2,

xlim=c(0,60), nclass="scott")

 lines(seq(0,60,.1), dchisq(seq(0,60,.1), n-1), lwd=3)

 varEC14 <- array(0,m)

 for (i in 1:m) {varEC14[i] <- var(rexp(n))}

 EC14 <- (n-1)*varEC14/1

 hist(EC14,prob=TRUE,ylim=c(0,0.09),xlab="EC14",col=4,

xlim=c(0,60), nclass="scott")

 lines(seq(0,60,.1), dchisq(seq(0,60,.1), n-1), lwd=3)

98

R CODE (CON’T):

 n <- 100

 m <- 1000

 varNC99 <- array(0,m)

 for (i in 1:m) {varNC99[i] <- var(rnorm(n))}

 NC99 <- (n-1)*varNC99/1

 hist(NC99,prob=TRUE,ylim=c(0,0.03),xlab="NC99",col=2,

xlim=c(0,200), nclass="scott")

 lines(seq(0,210,.1), dchisq(seq(0,210,.1),n-1),lwd=3)

 varEC99 <- array(0,m)

 for (i in 1:m) {varEC99[i] <- var(rexp(n))}

 EC99 <- (n-1)*varEC99/1

 hist(EC99,prob=TRUE,ylim=c(0,0.03),xlab="EC99",col=4,

xlim=c(0,200), nclass="scott")

 lines(seq(0,210,.1), dchisq(seq(0,210,.1),n-1),lwd=3)

99
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R CODE (CON’T):

 NC14 <- c(mean(varNC14), var(varNC14), mean(NC14), var(NC14))

 EC14 <- c(mean(varEC14), var(varEC14), mean(EC14), var(EC14))

 NC99 <- c(mean(varNC99), var(varNC99), mean(NC99), var(NC99))

 EC99 <-c (mean(varEC99), var(varEC99), mean(EC99), var(EC99))

 MAT <- round(rbind(NC14, EC14, NC99, EC99), 4)

 colNAM <- c("E(S^2)", "Var(S^2)", "E(X^2)", "Var(X^2)")

 rowNAM <- c("NC14", "EC14" ,"NC99", "EC99")

 dimnames(MAT) <- list(rowNAM ,colNAM)

 print(MAT) # Numerical values for Table 6.3

100

101
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GRAPH OUTPUT:

102

JOEL QUESTION:

• I tried the simulations with 𝑛 = 500 and 𝑛 = 1000. The 𝑛−1 𝑆2

𝜎2

from the exponential doesn’t appear to be approaching 𝜒2 even 

for 𝑛 = 500 or 𝑛 = 1000. What do you think?

 n <- 500

 m <- 1000

 par(mfrow=c(2,1))

 varNC <- array(0,m)

 for (i in 1:m) {varNC[i] <- var(rnorm(n))}

 NC <- (n-1)*varNC/1

 hist(NC,prob=TRUE,xlab="NC",col=2,xlim=range(NC), 

nclass="scott")

 lines(seq(min(NC),max(NC),length.out=100), 

dchisq(seq(min(NC),max(NC),length.out=100),n-1),lwd=3)

 lines(seq(min(NC),max(NC),length.out=100), 

dnorm(seq(min(NC),max(NC),length.out=100),

mean=n-1,sd=sqrt(2*(n-1))),lwd=3,col=3)

 legend("topright",c("Chi-squared", "Normal"),col=c(1,3),lwd=3)

103
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ANSWER TO JOEL QUESTION:

 varEC <- array(0,m)

 for (i in 1:m) {varEC[i] <- var(rexp(n))}

 EC <- (n-1)*varEC/1

 hist(EC,prob=TRUE,xlab="EC",col=4,xlim=range(EC), 

ylim=range(dchisq(seq(min(EC),max(EC),length.out=100),n-1)), 

nclass="scott")

 lines(seq(min(EC),max(EC),length.out=100), 

dchisq(seq(min(EC),max(EC),length.out=100),n-1),lwd=3)

 lines(seq(min(EC),max(EC),length.out=100), 

dnorm(seq(min(EC),max(EC),length.out=100),

mean=n-1,sd=sqrt(2*(n-1))),lwd=3,col=3)

 legend("topright",c("Chi-squared", "Normal"),col=c(1,3),lwd=3)

 ### Right Normal Fit ###

 lines(seq(min(EC),max(EC),length.out=100), 

dnorm(seq(min(EC),max(EC),length.out=100),mean=n-

1,sd=sd(EC)),lwd=3,col=3)

104

105



9/30/2019

54

106

HISTORY OF T-DISTRIBUTION
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REMARKS ON T-DISTRIBUTION

1. t-dist. has similar shape as 𝑁(0, 1), but is flatter than 𝑁(0, 1). 

2. The t-distribution is symmetric around 0 as 𝑁(0, 1) is.

3. It has a range from −∞ to ∞ as the range of 𝑁(0, 1).

4. Unlike 𝑁(0, 1), the t-distribution depends on 

the degrees of freedom df.

5. As the df increases, t-distribution approaches to 𝑁(0, 1).

• Applet: t-distribution vs𝑁(0,1)
119

http://rpsychologist.com/d3/tdist/
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F DISTRIBUTION

• Right skewed distribution

• Defined over positive numbers

• Parameters: df1=𝜈1, df2=𝜈2

• How to write: 

– 𝐹 𝜈1, 𝜈2

• 𝐹 𝜈1, 𝜈2 =

𝝌𝟐(𝜈1)

𝜈1

𝝌𝟐(𝜈2)

𝜈2

• F Calculator
• Ti-84:     Fcdf(lower, upper, dfNumer, dfDenom)

Source:  Wikipedia
131

http://sctc.mscs.mu.edu:3838/sample-apps/Calculator/
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•ANY QUESTION?

QUESTIONS?


